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Abstract 

We obtain the thermodynamic geometry of a (2+1) dimensional strongly coupled quantum field theory at a finite 
temperature in a holographic set up, through the gauge/gravity correspondence. The bulk dual gravitational theory is 
described by a (3+1) dimensional charged AdS black hole in the presence of a massive charged scalar field. The holo¬ 
graphic free energy of the (2+1) dimensional strongly coupled boundary field theory is computed analytically through the 
bulk boundary correspondence. The thermodynamic metric and the corresponding scalar curvature is then obtained from 
the holographic free energy. The thermodynamic scalar curvature characterizes the superconducting phase transition of 
the boundary field theory. 
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1. Introduction 

The gauge theory/gravity correspondence has been one 
of the most significant advances in the study of the physics 
of fundamental forces. This holographically relates a 
weakly coupled (d+1) dimensional bulk classical theory of 
gravity coupled to matter fields in an Anti-de-Sitter (AdS) 
spacetime to a strongly coupled d-dimensional quantum 
field theory on its conformal boundary [H, 0, S 0| ■ Apart 
from diverse other applications this holographic duality 
may be utilized to study strongly coupled quantum field 
theories describing condensed matter systems. In this con¬ 
text, it was first shown by Gubser Q that for a charged 
AdS black hole minimally coupled to a complex scalar field 
allows the condensation of the scalar field near the black 
hole horizon resulting in scalar hair at a certain critical 
temperature. From the holographic dictionary this cor¬ 
responds to a scalar operator that is dual to the bulk 
charged scalar held, acquiring a non zero vacuum expecta¬ 
tion value in the strongly coupled boundary held theory. 
The formation of such a charged condensate describes a 
superconducting phase transition in the strongly coupled 
boundary quantum held theory that spontaneously breaks 
the global C/(l) symmet^ and is referred to as a holo¬ 
graphic superconductor p, 0, S @|- Subsequently there 
was a surge of interest in the investigation of the con¬ 
densate formation, transport and spectral properties for 
such holographic superconductors in various dimensions 
both in the probe limit and including the backreaction 
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13, HI m, [H, [13, m . Furthermore in [H, |T3, HS E113 

the authors have studied the thermodynamic properties 
and the critical phenomena of such holographic supercon¬ 
ductors and showed that the critical exponents indicate a 
mean field behavior corresponding to a second order phase 
transition. 

In a distinct context over the last decade there has 
been important progress in associating an intrinsic Rie- 
mannian geometrical structure with equilibrium thermo¬ 
dynamic systems through the studies of Weinhold [HI H^l 
and Ruppeiner [H| . Such a framework of thermodynamic 
geometry associates a Riemannian metric with an Eu¬ 
clidean signature in the equilibrium state space of any 
thermodynamic system which is based on the thermo¬ 
dynamic fluctuations. In a Gaussian approximation the 
probability distribution of such fluctuations was related 
to the positive definite invariant line element defined by 
this geometry. It was shown that the thermodynamic Rie¬ 
mannian scalar curvature encodes the microscopic inter¬ 
actions of the underlying statistical system. Specifically 


23|, it was shown through standard scaling and hyper¬ 


scaling arguments that the thermodynamic scalar curva¬ 
ture is proportional to the correlation volume of the sys¬ 
tem and hence diverges at a critical point of second order 
phase transition. This geometrical framework was used to 
characterize phase transitions and critical phenomena for 
diverse thermodynamic systems [H| . Application of this 
framework to study the thermodynamics and phase tran¬ 
sition for AdS black holes have yielded interesting insights 
23,[2i[23,[2l[2i[2i,[33,|3l|,[33|3i,[3l|33. Naturally the 
direct connection between the thermodynamic scalar cur¬ 
vature and the microscopic correlation length makes this 
framework suitable to study the phase transitions in sys- 
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terns lacking a precise and complete microscopic statistical 
description like black holes or strongly coupled condensed 
matter systems. 

In this article we propose to investigate the phase tran¬ 
sition and critical phenomena for strongly coupled holo¬ 
graphic superconductors in a grand canonical ensemble 
using the framework of thermodynamic geometry. Quite 
obviously a direct computation of the thermodynamic ge¬ 
ometry for such strongly coupled finite temperature field 
theories would be intractable. However the gauge/gravity 
correspondence provides a holographic approach to the 
problem through the weakly coupled dual bulk gravita¬ 
tional theory. To this end we analytically compute the 
holographic free energy for the strongly coupled bound¬ 
ary quantum held theory at a hnite temperature from the 
dual bulk charged AdS black hole in presence of charged 
scalar helds. For this we utilize an analytic method to im¬ 
plement the bulk to boundary correspondence through a 
saddle point approximation and in the probe limit as de¬ 
scribed in 10|, ll3[ . We emphasize here that our analytic 


approach is distinct from the conventional analytic and nu¬ 
merical approach for the computation of the holographic 
free energy [US. 

The holographic free energy may then be used as the 
thermodynamic potential to compute the thermodynamic 
metric and the corresponding thermodynamic scalar cur¬ 
vature for the strongly coupled boundary field theory at 
a finite temperature through standard techniques of Rie- 
mannian geometry. The study of the thermodynamic 
scalar curvature as a function of the temperature then ex¬ 
hibits a divergence at the critical transition temperature 
for the superconducting phase transition in the boundary 
held theory for different values of the mass of the bulk 
charged scalar held. As mentioned earlier such a diver¬ 
gence indicates a critical point of second order thermal 
phase transition. The critical temperature for this diver¬ 
gence matches well with the critical temperature obtained 
from the conventional analytical and numerical techniques 
based on the condensate formation. There has been no 
previous such attempt to characterize the phase structure 
of such a strongly coupled held theory at a hnite temper¬ 
ature using the framework of thermodynamic geometry 
in a holographic approach. We emphasize here that our 
analytical approach using a geometrical framework based 
on microscopic huctuations to study the phase transition 
and critical phenomena is more elegant and accurate than 
the conventional approach based on the superconducting 
condensate formation. This is indicated by the slight dif¬ 
ference in the critical temperatures arrived at through the 
two distinct techniques mentioned here. 

This article is organized as follows, in Section 2 we 
briefly describe the gravitational dual of a holographic 
superconductor and describe the superconducting phase 
of the (2-1-1) dimensional boundary field theory. Further¬ 
more in the same section we present the computation of 
the holographic free energy of the strongly coupled (2-1-1) 
dimensional boundary field theory. In Section 3 we ob¬ 


tain the thermodynamic metric using the holographic free 
energy and compute the corresponding thermodynamic 
scalar curvature for the (2-1-1) dimensional boundary field 
theory and study its behavior with the temperature. In 
Section 4 we present a summary of our results and discuss 
future open problems. 


2. The Gravity Dual of a Holographic Supercon¬ 
ductor 


The minimal model for obtaining a holographic super¬ 
conductor requires a C/(l) gauge field and a charged com¬ 
plex scalar field in an AdS black hole background^. The 
bulk action corresponding to the gravitational dual may 
be given as 


S = 








( 1 ) 


where, = 47rG4 is related to the gravitational constant 
in the bulk and L is the AdS radius which we set to unity 
for further analysis. Here, 4' is the complex scalar field 
which is charged under the bulk Maxwell field A^. The 
constants q and m correspond respectively to the charge 
and the mass of the bulk scalar field 4^. Here, we work in 
a weak gravity (or probe) limit, g —>■ oo in which gravity 
decouples from the Abelian-Higgs sector (the scalar and 
the gauge held). In this limit, we consider the background 
to be given by a planar Schwarzschild black hole in the 
AdSi bulk with the metric 

ds^ = (^f{z)dt^ + -k dx^ + dy"^^ , (2) 

f{z) = 1-^, Zh = M~^/^. (3) 

Here, M stands for the mass of the black hole and the 
points z = , z —>■ 0 respectively correspond to the hori¬ 

zon and boundary of asymptotically Anti-de Sitter space- 
time. The hawking temperature of the black hole is given 
as 


lf(^^)l 3 

47r dTTZft, 


( 4 ) 


Assuming the ansatz A^ = (^(z), 0,0, 0) and 4/ = 'ijj{z) 
for the bulk helds Q, the equations of motion for the gauge 
held and the charged complex scalar held in the back¬ 
ground ([2]) may be expressed as follows 0 




(4 rrd \ 

4 


0, (5) 

0 , ( 6 ) 


^To be exact, we consider ^ = ' 0 ( 2 :)e*“ and make a gauge trans¬ 
formation Afi -\- which renders the equations of motion 

free from the phase a. 
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where prime denotes derivative with respect to z. An exact 
solution to equations m and m is clearly if; = 0 and 
(j) = ^ — p z , which corresponds to the normal phase 
of the strongly coupled (2+1) dimensional boundary field 
theory at finite temperature with p and p, as the charge 
density and the chemical potential respectively. 

2.1. Superconducting Phase 

In this section, we study the superconducting phase of 
the (2+1) dimensional strongly coupled boundary field 
theory in the probe limit. It was observed in Q, that a 
bulk charged AdS black hole develops an instability which 
leads to the formation of scalar hair near the horizon at 
low temperatures. This phase is described by the bulk so¬ 
lution, ^ 0 of the equations of motion (O and ([5]). In 
the boundary held theory, this corresponds to a supercon¬ 
ducting phase transition with a charged scalar operator O 
dual to Ip acquiring a non zero vacuum expectation value 
at the critical temperature. 

From the equations of motion and we observe 
that for a nontrivial solution we need to determine the 
two independent functions {%p{z),(p{z)). For this suitable 
boundary conditions must be imposed at the conformal 
boundary z —> 0 and at the black hole horizon z = Zh va. 
the AdSi bulk. For a regular event horizon z = Zh, we 
have the boundary conditions as 

( 7 ) 


m 


f{zh) = 0 , (p{zh) = 0 , ip'{zh) = — Y'^{zh), 

so that the term may remain hnite at the horizon 

@]. We also require the functions {^^{z), (p{z)} to admit 
hnite values and Taylor series expansions near the horizon 
as, 

1ph{z) = Ipizh) + Ip'{Zh){z - Zh) 

, r{zh) 


-{z — Zh) + ' 


(phiz) = -(p'{zh)iz - Zh) 

, (P"iZh) 


[z - Zh) + ■ 


( 8 ) 


(9) 


Next following [36|, we compute the undetermined co¬ 
efficients (p"{zh) and 'ip"izh) using equations of motion (O 
[H) and horizon expansions da© as 


(p'\zh) = -(P'iZh)^Pizh)\ 


( 10 ) 


1p"iZh) = - 


fpizh) 

18z^ 


{m'^+ 6m^ - ZhCp'izh) ). (H) 


Using (nni) and dm we may write down the modihed 
near horizon expansion of ip and (p upto second order in 
the derivatives as 

■(phiz) = ''^^^izlcp'{Zhf - ni^ - Qm^)iz - Zhf 


m 


-i^'>Pizh){z - Zh) + 1p{Zh) 
2>Zh 


( 12 ) 


(phiz) = (p'izh)iz - Zh){ ^^^^'^ iz- Zh) - l). (13) 


Thus we are left with only three positive independent 
parameters at the horizon {zh,4’iZ'h),(p'izh)}- Further¬ 
more, the asymptotic form of the functions {-ipiz), (piz)} 
near the AdS boundary z —>■ 0 may be written as. 


ipbiz) = pj- z^-+ ip+ z + + 
(phiz) = p-pz-\ -, 


(14) 


where, A± = | ± 


+ m-^ 


Here the coefficients 


p, p, tp- =< O- > and ip+ =< 0+ > represent the chemi¬ 
cal potential, charge density, source and vacuum expec¬ 
tation value of the dual charged scalar operator O re¬ 
spectively in the dual boundary held theory. It is to be 
noted that for, —5/4 > m? > —9/4 the mass of the scalar 
held lies near the B-F (Breitenlohner-Freedman) bound 
37| which renders both the modes ip- and tp+ normaliz¬ 
able whereas, for —5/4 < only the mode tp^ is nor¬ 
malizable .Thus one may impose the condition that either 
Ip- or ip+ vanish at the AdS boundary z —>■ 0. We as¬ 
sume ipj- = 0, ^ 0) which rehects that the condensate 

'^p.^. =< 0-|_ > arises spontaneously in the boundary held 
theory in the absence of sources. 





Figure 1: The condensate < 0+ >1/^ JT is plotted with respect 
to the temperature T for fixed value of fi = 1. The graphs from 
top to bottom correspond to values = —2, —5/4, 0 of the mass of 
the scalar field with the critical temperatures Tc = 0.045, 0.034, 0.026 
respectively. 


To obtain the condensate ip+ =< 0+ >, we begin with 
sewing the horizon and the boundary expansions (nmni 
of the helds (p and ip near z = Zhj^,. We also match the 
derivatives of the boundary and the horizon expansions for 
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the fields near the sewing point as 


.01) 

- *•(!)■ 

II 

o |<^ 

.;(f), 

(15) 


A- 

II 

II 

o 1 *^ 


(16) 

From Eqs. (1151) we arrive 

at following relations. 



/ 

1 

- (j)'{zh)Zh 

7\ 

Y\^h) ^ 

Y Zh(j)'{Zh) 

-L? P 

5Zh 



Similarly, from Eqs. (HU) we obtain 


4)'{zh) 

V'+ 


V^144A + (A + 2)to 4 + 6(5A + 6)m2 


zl^/A + 2 

2A-1 (^2 ^ 12) i ^{ zh ) 
3(A + 2)z^ 


(18) 


where, A = A+. Now using Eqs. (fT71) and (US with the 
expression for the Hawking temperature T = ZjA'KZh, the 
expression of < 0+ > may be expressed as a function of 
temperature T and charge density p. As an example, the 
expression of < 0+ > with = — 2 (mass of scalar field 
near BE bound) is as follows 


<0+> = v/2r^+ = v'2T3T,y 1 - (19) 

Tc = —= 0.045lAi. (20) 

SttVv^ 

In fig. (HI) we have further plotted the dimensionless quan¬ 
tity < 0 + > 1 /^ /T with respect to temperature T for dif¬ 
ferent values of rn? = (—2, —5/4,0) at fixed p. = 1 in the 
grand canonical ensemble. Erom the eq. HU) and fig. o , we 
observe that < 0+ > goes to zero at the critical temper¬ 
ature T = Tc and the condensate only exists for T < Tc- 
In the limit T —^ Tc, we also recover the mean field result 
< 0 + >~ (T — Tc)^/^ indicating a second order phase 
transition in the Landau-Ginzburg framework as observed 
in [Ii|. 


2.2. Holographic Free Energy 

In this section we obtain the free energy of the strongly 
coupled (2-1-1) dimensional boundary field theory at 
a finite temperature using a holographic approach Q. 
Through the AdS/CFT dictionary the free energy (H) of 
the boundary field theory is related to the product of tem¬ 
perature (T) and the on-shell Euclidean action Se- Fur¬ 
thermore proper boundary terms must be added to the Eu¬ 
clidean action in order to define a well posed variational 
problem. These involve the usual boundary cosmologi¬ 
cal constant and the Gibbons Hawking terms required for 
regulating the Einstein-Hilbert action in an asymptotically 
AdS space-time [38| . The Euclidean action Se with proper 
boundary terms may be described as follows 


— Se = 


d'^Xy/^ 


■^{R + 6) + £„ 


+ [ d^xy^(2/C-4). 

Jz^o 


( 21 ) 


Here, Cm refers to the matter Lagrangian (Abelian-Higgs 
sector), h is the determinant of the induced metric on the 
AdS boundary and K. is the trace of the extrinsic curvature 

As described earlier, we are working in the probe limit 
which makes it feasible to relate the free energy of the 
boundary field theory to the on-shell value ( S m,) of the 
Abelian-Higgs sector of the Euclidean action Se [18|. Now 
using the equations of motion (0 0) and the metric HD, 
the on shell action Sos in a saddle point approximation 
may be written down as 


= 


d'^x 


f{z)'ip{z)'ip'{z) 


2z2 




2=0 


2=0 


'0 




.( 22 ) 


Using the asymptotic forms of </> and '0 from eq. HI in 
(1^^ . we obtain 



30-^0- 

2 


1 cj^jzmzr - 

2 Jo \\\-z^lzl)_ 



z=0 


(23) 


In addition, for carrying out a holographic renormaliza¬ 
tion of the free energy it is also required to add a boundary 
counter term (Set) to the action as described in [l^. Us¬ 
ing the expressions of (j) and 0 from eq. (11^ , the boundary 
counter term Set may be given as followHI 


Set 


1 

2 

1 

2 


d^x{V^\tjj{z)f) 


■0+0- 



2 


2 = 0- 


(24) 


Now using equations (1^ and (1^ . we find the expres¬ 
sion for the free energy of the boundary field theory in the 
grand canonical ensemble d. However, in this paper we 
restrict ourselves only to the expression of free energy in 
the grand canonical ensemble as 


n = -T{Sos + Set) = m 


2 


2 



.(25) 


where, f d^x = /IV 2 and the integral T is given by the 
expression 


T 



</>(z)^i/t(z)^ 

z\\-z^lzl) 


(26) 


^It is to be noted that here, we have chosen the condition 
{-i/i— = 0,'ip+ 7 ^ 0} at the AdS boundary z = 0. However, in or¬ 
der to implement the condition {' 0 — 7 ^ 0 , ' 0 + = 0 } one must consider 
a boundary counter term Set = f d^xy/—h(^'ilj{z)ip'{z))\z=o as de¬ 
scribed in fT3l . 

^Note that, one can also work with the free energy in canonical 
ensemble as described injlSlI 
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In order to determine an analytic expression for the free 
energy it is required to compute the integral X. For this, 
we replace (/> and tp by their horizon expansions (II3 and 
m respectively between the limits 1 and 1/2. Similarly 
between the limits 0 and 1/2, we replace (p and ip by their 
boundary expansions da. This leads to an analytic ex¬ 
pression of I in term of variables p, m, ip-jip^, (p'{zh) 
and ipizh)- From equations (fT71) . (ITS)) and (1^ it is clear 
that the analytic expression of free energy with the AdS 
boundary condition ip- = 0 and mass m? = — 2 of the 
scalar held, may be expressed as a function of Zh and p as 


n 


. 0.713p^ 0.549Ai 1.259 , , 

0.029p^ - — + -^-27 

Zh zi z? 



Figure 2: The quantity is plotted with respect to the tem¬ 

perature T for fixed value of p = 1. The blue, red and green curves 
correspond to values = —2, —5/4, 0 of the mass of the scalar field 


The free energy for different values of the mass m of 
the charged scalar may be obtained in a similar fashion as 
described above. Further substituting, zp = in (EZl) 
we obtain the free energy in the grand canonical ensemble 
as a function of temperature T and chemical potential p 
as 

h = 0.029p^ - 92.567r3 -p 9M8pT'^ - 2.981 p^T. (28) 


Using equations (1I71),((IH1) and (EZl), we also compute the 
free energy of the (2-1-1) dimensional boundary held theory 
as a function of temperature T and charge density p as. 




1.673 X 10 



0.080p2 

T 


-125.872T^ - 3.719pr. 


(29) 


In hg.([2]), we have plotted the free energy density w = 
SI/F 2 against the temperature for various values of the 
mass of the scalar held at hxed value of chemical potential 
p = \ . It is observed from the plots that the free energy 
decreases as the temperature is increased indicating for¬ 
mation of condensate below a certain critical temperature 
Tc indicating a second order superconducting phase tran¬ 
sition in the boundary held theory. Furthermore, we have 
also computed the free energy density w = CI/V 2 numer¬ 
ically which compares well with the analytical expression 
for the free energy Q. 


3. Thermodynamic geometry 


In this section we obtain the thermodynamic geometry 
and the consequent scalar curvature in the grand canonical 
ensemble for the holographic superconductors described in 
the previous section . For the strongly coupled boundary 
held theory in a grand canonical ensemble it is suitable to 
use the free energy representation due to Ruppeiner ( 2 ^ 
for computing the thermodynamic metric. For a partic¬ 
ular hxed value of the mass of the scalar held, m? = —2 
the thermodynamic metric may be obtained as a Hessian 
of the Gibb’s free energy density w = H/V/ (1^ of the 
(2-1-1) dimensional boundary held theory with respect to 
the temperature T and the charge density p as 


1 d‘^uj{T,p) 
T dx'-dxi 


(30) 


where, Xi = (T,p). From (1501) the independent compo¬ 
nents of the thermodynamic metric may be written down 
as follows 


Ptt 


PTp = PpT 


9p.p 


0.002p3 ^ 0.161p2 

rpQ "b 2^4 

0.002p2 + 3.7i9T4- 


-b 755.232, 

0.161pT2 


y5 


0.161T2-0.001p 

2^4 


(31) 


From the expression for the thermodynamic metric in 
m it is straightforward to obtain the thermodynamic 
scalar curvature R through standard techniques of Rie- 
mannian geometry 23| as follows 


R = - 


1 


d / gTp 


9tt _1 9pp\ 

^VdT\gTTV9 dp y/gdT) 
d / 2 gxp _ 


Qtt 


PTp Ptt \ 


dp^y/g dp ^ dp gTT^/gdXJl 


.(32) 


Here, g stands for the determinant of the thermody¬ 
namic metric. From (1321) . the expression for thermody¬ 
namic scalar curvature R may be obtained as a function 
of the temperature T and the charge density p. However, 
for the grand canonical ensemble considered by us it is re¬ 
quired to investigate the thermodynamic scalar curvature 
i? as a function of the temperature T a hxed value of the 
chemical potential p. Thus using the equations (HZl and 
CHI) with Zh = we obtain the expression for i? as a 
function of temperature T and the chemical potential p as 

follows 0 


^ (33) 

AT = -0.002T^° + 7.856 x IQ-^pT^ 

-b2.808 X IQ-^/r^T® - 7.218 x IQ-^p^T^ 


The thermodynamic scalar curvature R as a function of T and 
the chemical potential p for different values of the mass m of the 
scalar field may be obtained in a similar way as described above. 
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-2.711 X 10"®/r® + 7.373 x 
-3.058 X IQ-^Ai^T^ + 5.616 x 
-6.816 X + 8.863 x y^T{^A) 

V = T'^ + OmSfiT^ - 0.005fj^T^ 

+6.553 X 10" VT’ - 2.956 x 10“®/- (35) 

The temperature at which the thermodynamic scalar cur¬ 
vature diverges is determined from the zero of the de¬ 
nominator (155)1 of the expression (1551) as Tc = 0.0424/r. 
This critical temperature matches well with that obtained 
through a conventional approach based on the conden¬ 
sate formation as given in eg. (15(11) . Thus we observe that 
for the value = —2 of the mass of the scalar field, 
the thermodynamic scalar curvature diverges at the tem¬ 
perature Tc = 0.0424/r indicating a second order super¬ 
conducting phase transition in the strongly coupled 
boundary held theory . In hg.dS]) below we have plotted 
the thermodynamic scalar curvature R against the tem¬ 
perature for different values of the mass of the scalar held 
m? = (—2, —5/4,0) for a hxed value of the chemical poten¬ 
tial /i = 1. The graphs clearly illustrate the divergence of 
the thermodynamic scalar curvature at a critical transition 
temperature for the different masses of the bulk charged 
scalar held which characterizes the superconducting phase 
transition. 
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Figure 3: The thermodynamic scalar curvature R is plotted with 
respect to the temperature T for fixed value of p = 1. The blue, 
red and green curves correspond to values m? = —2,—5/4, 0 of the 
mass of the scalar field with the scalar curvature diverging at Tc = 
0.0424,0.024,0.016 respectively. 


For a comparison we have also obtained the thermo¬ 
dynamic scalar curvature from a numerical computation 
of the holographic free energy Q which exhibits a simi¬ 
lar divergent behavior with temperature as described in 
hg.(I51). As mentioned in the introduction our analytical 
method using geometrical framework provides a more ele¬ 
gant and accurate characterization of the superconduct¬ 
ing phase transition for the strongly coupled boundary 
held theory than the conventional approach based on the 
condensate formation. This explains the marginal differ¬ 
ence in the values of the critical temperature Tc obtained 
from the divergence of the thermodynamic scalar curva¬ 
ture R and that determined from the zero of the conden¬ 
sate < 0+ > in (IT51) . 


4. Summary and Discussions 

In summary we have obtained the thermodynamic ge¬ 
ometry of a strongly coupled (2+1) dimensional quantum 
held theory at a hnite temperature in a holographic set 
up using the gauge/gravity correspondence. The corre¬ 
sponding thermodynamic scalar curvature was computed 
and used to characterize the superconducting phase tran¬ 
sition in the strongly coupled boundary held theory at a 
hnite temperature. We emphasize here that our study 
is the hrst such attempt to characterize the supercon¬ 
ducting phase transition for a strongly coupled boundary 
held theory in a holographic scenario through the frame¬ 
work of thermodynamic geometry. The (2+1) dimensional 
strongly coupled boundary held theory is holographically 
dual to a charged bulk (3+1) dimensional AdS black hole 
in presence of charged scalar helds. In this context we have 
analytically computed the holographic free energy of the 
(2+1) dimensional boundary held theory in a grand canon¬ 
ical ensemble from the gravitational dual through the bulk 
boundary correspondence in the probe limit. The ther¬ 
modynamic metric was then computed from the Hessian 
of the holographic free energy with respect to the tem¬ 
perature T and the charge density p in a standard fash¬ 
ion [^ . The associated thermodynamic scalar curvature 
for the strongly coupled boundary held theory could then 
be obtained from this metric using standard techniques of 
Riemannian geometry. 

The superconducting phase transition and critical phe¬ 
nomena for the strongly coupled boundary held theory in 
a grand canonical ensemble was then investigated through 
the variation of the thermodynamic scalar curvature as 
a function of the temperature with a hxed chemical po¬ 
tential for different masses of the bulk charged scalar held. 
Remarkably the thermodynamic scalar curvature obtained 
holographically diverges at the critical transition tempera¬ 
ture indicating a critical point of second order phase tran¬ 
sition in the strongly coupled boundary held theory. The 
critical temperature for this superconducting phase transi¬ 
tion at which the scalar curvature diverges compares well 
with the critical temperature obtained from earlier numer¬ 
ical as well as analytic studies of the condensate formation. 
Our approach employing an analytical and geometrical 
framework to study the critical phenomena for holographic 
superconductors is clearly more elegant and accurate than 
the conventional approach in [^, lisl . 1^ . As mentioned 
earlier this accounts for the marginal difference in the val¬ 
ues for the critical temperatures obtained through the two 
distinct techniques. Our investigations clearly and directly 
illustrate that the superconducting phase transition de¬ 
scribing a holographic superconductor is a critical point 
of a second order phase transition which is also consistent 
with the mean field nature of the result. 

An important open problem for future investigation is 
to study the phase structure of other more complex holo¬ 
graphic superconductors in the geometrical framework de¬ 
scribed by us. In this context it would be interesting to 
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study the phase structure of the generalized holographic 
superconductors involving a first order superconduct¬ 
ing phase transition in the boundary field theory. It would 
also be interesting to study the phase structure of the p- 
wave and d-wave holographic superconductors 
using our techniques. Another future issue would be to in¬ 
vestigate the thermodynamic geometry of holographic su¬ 
perconductors in an external magnetic field which is dual 
to a charged dyonic AdS black hole in presence of charged 
scalar fields m\ H . 1^ . We hope to return to these inter¬ 
esting issues in the future. 
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